Abstract. The steady two-dimensional flow of a compressible fluid past a flat plate inclined to the uniform stream is studied on the basis of the Oseen approximation. The use of the momentum equations written in distributions allows us to obtain in a straightforward fashion the integral equations of the skin friction and of the lift. These equations are integrated for various values of the Reynolds and Mach numbers. The values obtained for the lift in the limit case of the inviscid fluid coincide with those known in conventional aerodynamics for the subsonic and for supersonic flow.
1. Introduction. The flow of the real fluid past a flat plate is one of the fundamental problems of fluid mechanics. The governing equations are the well-known Navier-Stokes equations. Since exact solutions for these equations were obtained only for very particular problems researchers resort to approximations. When the Reynolds number of the flow is very small the convective terms in Navier-Stokes equations are neglected with respect to the diffusive ones. The equations obtained, known as the Stokes approximation, work very well in three-dimensional problems of incompressible flow; but for two-dimensional flows this approximation fails to produce solutions. To avoid the "Stokes' paradox" Oseen replaced the convection terms in Navier-Stokes equations by convection due to free stream velocity. This is a good approximation at large distances, where the velocity perturbations are small, but can be seriously erroneous near the body. At low Reynolds numbers it is justified due to the dominance of the diffusion terms over the convective terms but at moderate and high Reynolds numbers the error may be significant, and the results obtained using the Oseen approximation are suspicious.
In the case of the motion past a flat plate with a small incidence angle 6, it is possible to consider a slight modification of the Oseen approximation by taking the x-axis on the direction of the plate and linearizing the convection terms in Navier-Stokes equations, neglecting the product of perturbations and the product of perturbations by sin 9. The equations, similar in form to Oseen equations, are valid at large distances where the flow is almost uniform and coincide with the exact equations on the plate (due to no-slip conditions) for all values of the Reynolds number.
The two forms of the Oseen approximation produce the same value for the skin friction on the plate, but this value is unfortunately different from the correct one. Thus for the semi-infinite flat plate Carrier and Levis [6] pointed out the difference between the skin friction obtained by using Oseen's approximation and the Blasius one. To overcome this difficulty Carrier and Levis [6] and Sirovich [10] proposed some modifications which in fact consist in the use of Oseen equations too, but with different conditions at infinity and on the plate.
Concerning the lift, things are somewhat different, as we shall point out; the lift is different in the two Oseen approximations. The lift values obtained in the limiting case of the inviscid fluid by using the modified Oseen approximation coincide with those known in aerodynamics for the subsonic case as for the supersonic one. Moreover, in the subsonic case the analysis yields a mathematical justification for the Kutta-Joukowski condition.
In this paper the flow of a compressible viscous fluid past a flat plate is discussed on the basis of the modified Oseen approximation. Our study is based on the Navier-Stokes equations in distributions. The use of the mathematical tool of the theory of distributions allows us to obtain a representation for the velocity field in terms of the shear force and of the lift on the plate. Therefore the integral equations of the problem can be written directly. These equations are analyzed for various values of Reynolds and Mach numbers; for small values of the Reynolds number and Ml x 2 the solution is obtained by means of power series; for high values of these parameters the integral equations are solved asymptotically. From this point of view our analysis is an extension of the compressible flow in the results obtained by Bairstow, Cave and Lang [1] , Piercy and Winny [8] and Miyagi [6] in studying incompressible motion past a flat plate.
We do not analyze the motion spectrum but, once the skin friction and the lift force on the plate are known, the velocity field can be obtained by using the asymptotic methods given in [10] .
2. Basic equations. In this paper we shall consider the form in distributions of the fluid mechanics equations. The discontinuous form of the Navier-Stokes equations was deduced by Sirovich [10] :
Here S denotes a discontinuity surface of the fluid motion, n the exterior normal and d the displacement velocity of the surface S. Likewise the bracket operator represents the jump across S and Ss is the distribution s where cp is a test function. The fluid motion is extended throughout the space by defining a source-free flow in the interior of the body; thus the body surface becomes a surface of discontinuity. If we assume no flow across the body surface, all terms but [7] ]£s on the right-hand side of relations (2.1), (2.2) vanish. The remaining term can be recognized as the action of the body on the two fluid motions.
Eqs. (2.1), (2.2) are valid throughout the space; outside the discontinuity surface they coincide with the classical Navier-Stokes equations and for a fluid particle on the surface S they describe the mass and momentum balance by taking into account the action of the body on the fluid flow.
In the in viscid limit Eqs. (2.1), (2.2) are also valid on a discontinuity surface without a material support inside the fluid. In this case all terms on the right-hand side of Eqs. (2.1), (2.2) vanish due to discontinuity relations resulting from integral form of the conservation laws. Consequently the motion equations in the discontinuity form contain only source terms corresponding to boundary surfaces [3] .
The system of equations (2.1), (2.2) will be completed with the state equation of the gas. In isentropic flow this will be P/Po = (P/Pof• (2.3)
We consider a flat plate of infinite span and chord length 21 immersed in a viscous compressible uniform flow of speed V0 • The flat plate is assumed to be inclined at a small angle 9 to the uniform stream. We take the rectangular coordinates (x1; x2) in the plane of fluid motion in such a way that the xx axis is parallel to the direction of the plate and the origin coincides with the midpoint of the plate. The undisturbed flow is characterized by velocity V0 = V0 cos 0i + V0 sin 0j, the pressure p0 and the density p0. By assuming small perturbations we shall linearize Eqs. (2.1)-(2.3) about the undisturbed state. Denoting by V', p', p' the velocity, pressure and density perturbations respectively, we normalize our variables by using the following dimensionless quantities:
The governing equations become dp
4(j being therefore the Reynolds number, a0 the sound velocity in the uniform flow and M0 the Mach number. In the equation (2.6) the unknown density t(x) vanishes outside the plate (|x| > 1).
The system of equations above must be completed with the conditions at infinity and boundary conditions. All perturbations must vanish at infinity:
x2 +y2~* oo and on the plate we consider the no-slip condition
The Oseen linearization used in this paper is different from that used by Miyagi [7] , In Miyagi's paper the Ox^axis is taken in the direction of the undisturbed velocity V0; the linearized equations are identical with Eqs. (2.5), (2.6) but the boundary conditions are different. We prefer to consider the motion "with respect to the plate" since in this case the Navier-Stokes equations on the plate are identical with the linearized ones.
3. The integral equations of the problem. Denoting the Fourier transforms by capital letters
and applying the Fourier transform with respect to x and y to the system (2.5H2.7), we
The solution of this system is ik • T(fci) ikj k2 2a
where
By taking the inverse Fourier transform of the relations (3.6), (3.7) we obtain the following representation for the velocity field: yx(*> y) = kn(x> y) * fiW + k12(x, y) * t2(x), (3.11) vy(x, y) = k21{x, y) * t^x) + k22(x, y) * t2(x), (3.12) where * denotes the convolution product with respect to the variable x. In relations (3.11), (3 !i£ii dki
The square root determination in R is the one with positive real part for real kv In order to satisfy the boundary relations (2.13), (2.14) we must estimate the functions fcn(x, 0), kl2(x, 0) and k22(x, 0). The Fourier integrals of the form appearing in these functions were calculated by us previously [4] , We have
where H(x) is the Heaviside function and y = 2Mq 2 -1. We also denote
for the incomplete cylindrical functions of the second kind. K/x) = Kj (x, oo) are Macdonald functions. The boundary conditions now give
Thus, for determining the mechanical parameters of interest (the shear force tj(x) and the lift t2{x)), we obtain two decoupled regular integral equations of the first kind. The form of these equations is similar to the integral equation obtained by Bairstow, Cave and Lang [1] for the case of the incompressible fluids. Consequently the methods used to solve the integral equations (3.19), (3.20) will be similar to those used to obtain the solution of Bairstow's equation. where /l'u, A^2) are constants which must be determined. We expand the kernels/cu(x) and fc22(x) in series of x" and x" log | x | :
fcn(x) = -t (ZijXJ log 21 x | + Z2jxJ), For zero Mach number (y-> 00) the asymptotic forms of the integral equations of the problem are also regular integral equations. Eq. (3.19) reduces in this case to Bairstow's equation. We computed the coefficients CD and CL for M0 = 0 by using the method of the previous section and have plotted the results also in Figs. 1 and 2 .
In order to compare our results with those given by Miyagi [7] , we calculated by hand the first approximation of the solution corresponding to the incompressible case. We have
.
(.-bf-c)
Ct" I ■*« <5'7) <T^1 + In -+ C J where C = 0.577 ... is the Euler constant. The expression (5.6) for CD coincides with that given by Miyagi, but the lift coefficient is different. This is due to the different approximations performed in linearizing the Navier-Stokes equations, as discussed in the last part of Sec. 2.
In order to obtain asymptotic solutions of Eqs. (3.19), (3.20) for small Mach numbers the approximations (5.4), (5.5) of the kernels are to be used. The resulting integral equations are singular, with Cauchy finite-part singularities, but the method of series expansion can be still applied. The singular integrals will be estimated by means of the formula (4.9).
6. Asymptotic solutions for high Reynolds numbers in subsonic flow. To determine the asymptotic form of the functions ft(x) and t2(x) in the limit case of the inviscid fluid, we use the asymptotic expansions of the functions Kj(z, y), Kj(z):
The asymptotic forms of the function Kj{z) are given in the literature and to obtain the asymptotic form for the incomplete Bessel function K;(z, y) we applied the standard asymptotic methods to the integral (3.18). The ratio of the second term in (6.6) to the first term becomes infinite at the trailing edge of the plate, so that the iterative analysis used to obtain tj(x) is doubtful there. The results obtained in [12] can be applied to Eq. (6.5) and consequently the expression (6.6) gives an uniformly valid solution of Eqs. (6.5). The drag on the plate corresponding to the solution (6.6) is «i\ (6.7)
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ii) The problem of the lift. Due to the singularity x~3/2 in the first term of the kernel k22 the expression (6.4) cannot be substituted directly into Eq. In order that f21 be integrable on the interval (-1, 1) we must have in the right-hand side of Eq. (6.12) at most integrable singularities, so that we must put c -1. We obtain <2oW=-y l\-r.
p V i + x which coincides exactly with the lift distribution in the classical thin-profile theory by using Kutta-Joukowski postulate. The above analysis is a slight modification of that given by Kusukawa [5] The last term in the bracket is a viscosity correction on the lift coefficient in compressible subsonic flow.
By comparing our results for ji = 1 with those given by Miyagi [7] , the coincidence of the first terms for the drag can be remarked. But the lift coefficient for the plate given by Miyagi for <r-> oo is half of the lift coefficient for the plate in conventional thin-profile theory to which our formula reduces (6.17) in the limit case of an inviscid fluid.
7. Asymptotic solution for high Reynolds numbers in supersonic flow. In order to derive the asymptotic form of the functions /cn(x) and /c22W for high values of a we use the relation (6.2) and the two following formulae given in [2, 7] The inverse LaPlace transform gives t,(x') = -2j61e2ff"l2x' Erfc(N/2ffx'/J1), (7.8) which expresses the shear force on the plate in the modified variable x'. By using this expression for r^x') we obtain the following formula for the drag: For a-> oo we take the lower limit of the integrals equal to -oo; likewise, in order to obtain a nontrivial solution we shall put -(29/f})e6'x' for -26/P in the right-hand side of Eq. Moreover, it can be seen that the inner solution (A.9) with S' given by relation (A. 11) agrees with the asymptotic expansion around the trailing edge of the solution given in Sec. 6. The solution t2(x) = t20(x) + 1/2 121(x) proves to be valid over the whole plate including the trailing edge.
